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ABSTRACT

We review the mechanisms by which liposomal contrast agents—solutions
of liposomes that entrap and deliver (usually paramagnetic) contrast agent
into specific tissues—cause a desired enhancement of the bulk relaxation rate
in tissues. The relaxa.tion-enhémcing action for transverse magnetization can
be most generally explained by exchange (inner sphere relaxation) and diffu-
sional dephasing (outer sphere relaxation). Simple analytic expressions for inner
and outer sphere relaxation mechanisms are presented. At typical MRI field
strengths (2 1T) longitudinal magnetization is affected only by inner sphere
relaxation. For typical liposomal preparations the transverse magnetization
relaxation is also dominated by the inner sphere mechanism. For rather low ef-
fective concentrations (2mM) of Gd(DTPA)?~, a relaxation rate enhancement
of several Hertz is typically achieved, and the rate increases linearly with the
concentration of liposomes. The inner sphere model presented here is similar
to recent descriptions which significantly generalize earlier models which have
not taken into account the finite lifetime of water inside the liposomes. The
present model describes how the permeability, the relative size and the relax-
ivity of the entrapped contrast agent affect the bulk relaxivity of the tissue to
which liposomal contrast agents have been introduced. Outer sphere relaxation
plays a minor role and is comparable to inner sphere relaxation only for larger
(diameters 2 500 nm), reasonably impermeable (Ps S 103 cm/s) liposomes for
which the bulk rate enhancement is rather low—about one Hertz. A notable
exception occurs for giant (diameters ~ 10 ym), multivesicular liposomes where
the bulk rates can be many times higher. Simulations have been carried out for
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the purpose of investigating the simultaneous action of inner and outer sphere
relaxation. The simulations reveal the expected dependence of outer sphere re-
laxation time on the echo time, but they consistently predict a relaxation rate
about twice as high as what the outer sphere theory predicts. In the realm
df liposomes studied here, the simulations imply an independence of the inner
and outer sphere relaxation mechanisms; i. e., relaxation enhancements can be
calculated independently and simply added.

1 Introduction

For some applications of magnetic resonance imaging (MRI), image contrast can
be eihanced through MRI contrast agents, paramagnetic molecules or superpara-
magnetic substances which increase signal relaxation rates in specific tissues. This
review examines the mechanisms by which liposomal contrast agents, i. e., solutions
of liposomes that entrap and deliver paramagnetic molecules, cause an enhancement
of the bulk water relaxation rate in tissue.

An understanding of the enhancement of water relaxation is pertinent to the de-
sign of liposomal contrast agents and to the interpretation of their effects in images.
For example, to reach the usual goal of achieving the highest relaxation enhance-
ment liposomes should generally be made as small as possible. A high permeability
of the liposomal membrane and a high entrapped concentration of the agent will also
increase relaxation rates. A simple formula, presented below, relates these physical
parameters to relaxation rates. It allows one to predict, for example, by how much
the concentration of contrast agent should be increased to double a relaxation rate.
This tool should be highly useful in diagnostic imaging where the physical parame-
ters are constrained by temperature, toxicity, tissue absorbance, or other factors.

For general studies of membrane activity as well as for purposes of designing
liposomal contrast agents, the reliable characterization of membrane permeability is
of fundamental importance. While this has been standardly accomplished by the use
of paramagnetic contrast agents [1, 2, 3], the interpretation presented here of how
the bulk relaxation rate reflects the membrane permeability has been significantly
generalized from earlier models to include the finite relaxivity of the entrapped agent
and the finite residence time of the water inside the liposomes. '

Simple, unilamellar liposomes consist of a lipid bilayer shell which encloses an
aqueous compartment. There are currently two widely considered types of liposo-
mal contrast agents: those that entrap a solution of paramagnetic molecules in the
aqueous compartment and those that incorporate the paramagnetic molecules in
the liposomal membrane, by either covalent bonds to the acyl chain of the lipids or

by chelation to a ligand which is itself incorporated into the membrane. Elsewhere
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in the present Forum, Unger and coworkers have suggested the terms “ensomes”
(entrapped agents) and “memsomes” (membrane-incorporated agents) for the two
types, respectively. Ensomes, in fact, may themselves be divided into two cate-
gories: those that are designed to release a paramagnetic agent within particular
tissues, and those that continue to entrap a paramagnetic agent even as they effect
an enhanced relaxation of the surrounding water. A

Although studies and trials with ensomes have predated those involving mem-
somes, there is currently some preference towards the latter for the following rea-
sons (4, 5]. First, although the smallest ensomes provide the highest relaxivity, their
trapping efficiency is worst—in terms of both the agent to lipid ratio of each liposome
and the ratio of entrapped agent to that which must be washed away. Secondly, en-
somal relaxivity.is normally less than that of the entrapped contrast agent because
water must exchange across the liposomal membrane. Liposomal stability, i. e., full
containment of the paramagnetic agent, is also at odds with the need to heighten
the permeability of the membranes to water in order to achieve maximal relaxivity.
What is more, because in memsomes the paramagnetic ions are bound to ligands,
the ions have a much longer rotational correlation time and therefore have a greater
relaxivity (per mole) than they have in solution. Finally, if the paramagnetic ion-
ligand complex flows freely over the membrane surface, then the size of the liposome
has no effect of the relaxivity of the contrast agent [5].

Nevertheless, there are still many reasons to employ ensomes and understand
the mechanisms by which they cause relaxation. Both ensomes and memsomes will
provide similar site specific distribution; i.e., they will be absorbed primarily by
macrophage-rich tissue. Ensomes, however, protect the contrast agent from binding
to plasma proteins and the provide the possibility of controlling water access [4, 6,
7, 8].1 It is of great practical importance that both Gd(DTPA)?~ and liposomes
are (at least separately) currently in clinical use, while memsomal compounds such
as the lipophilic chelates of Gd may be clow in gaining clinical approval. Moreover,
ensomes are biologically more interesting in that they provide a simple model of
cells and compartmentalized tissues, examples of which include Kupffer cells of the
liver [9], erythrocytes [10, 11, 12, 13], and capillaries [14]. Finally, only ensomes
will produce an additional T3 (outer sphere) relaxation effect, a point which will be
developed later.

In the present review we consider a paramagnetic contrast agent, e.g., Gd-
(DTPA)?2- [15, 16], which is fully entrapped by liposomes in solution. Such ensomes
have been successfully used in animals to improve MRI contrast between normal
liver and tumors (17, 18, 19]. Although the authors know of no trials to date of
liposomal contrast agents in humans, liposomes are already in use as drug delivery

agents [20]. In comparing the models presented here with published data, we con-
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sider only Gd(DTPA)2‘-ﬁlled liposomes, although Mn2+-filled liposomes are also
being developed and should behave similarly, with the added feature that Mn2*
may bind to lipids and thereby increase its relaxivity [21].

An especially complete description of relaxation enhancement due to paramag-
netic molecules and superparamagnetic particles has been provided by Gillis and
Koenig [10]. Concerning paramagnetic molecules, we note the following points.
First, both longitudinal and transverse relaxation rates (characterized by Ty and T3,
respectively) of water protons are nearly equally affected by the addition of param-
agnetic molecules to the water. Second, the relaxation enhancement comes about by
short-ranged interactions (“collisions”) between water molecules and paramagnetic
molecules [10, 22]. There is also a usecular” transverse relaxation which accounts for
the dephasing of nuclear magnetization while diffusing in the presence of magnetic -
field inhomogeneities. For paramagnetic molecules added directly to water, this ef-
fect is negligible. Yet, in the vicinity of much larger particles such as liposomes (Z
50nm) containing paramagnetic molecules, this can be a measurable effect.

These considerations will now be applied to liposomal systems. For appropri-
ately constructed ensomes the contrast agent is strictly confined to the liposome
interior [17, 19]. Accordingly, longitudinal relaxation rates T 1 measured for solu-
tions of Gd(DTPA)?~-filled liposomes can be explained by water proton transport—
ezchange—across the cell membranes [23, 24, 25, 26]. Due to susceptibility differ-
ences between liposomes and the surrounding water, such liposomal systems give rise
to magnetic dipole fields around the liposomes such that transverse relaxation rates
'y 1 ore enhanced by diffusion around—rather than into—the liposomes. The same
effect can occur around biological cells which are generally 102-103 times larger than
liposomes [14]. Exchange alone can usually (by adjusting the inferred membrane
permeability) account for enhanced rates of transverse relaxation [27]. Nevertheless,
the fundamental coexistence of the two mechanisms, ezchange and diffusion, demand
that the separate contributions to T, be singled out. Also, while susceptibility dif-
ferences between Gd(DTPA)2~-filled liposomes and the surrounding solution should
hardly influence the longitudinal relaxation [10], T1-weighted images may still be af-
fected by such mechanisms since the transverse relaxation (T3) accompanies nearly
all imaging techniques. Stated differently, large enhancements of transverse relax-
ation are always relevant to diagnostic imaging.

Koenig and coworkers [10, 28, 25] consistently distinguish between “inner sphere”
and “outer sphere” relaxation. This useful nomenclature originates from descrip-
tions of inter-molecular relaxation: inner sphere relaxation occurs through binding
between the paramagnetic complex and the magnetically excited molecule, while
outer sphere relaxation occurs as magnetically excited molecules pass through the

magnetic dipolar field distortions (and fluctuations) produced by the paramagnetic
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complexes. In the context of the liposomal system at hand, inner sphere relaxation
refers to relaxation of the water through ezchange. This mechanism greatly affects
the relaxation rate of the bulk since a large fraction of the bulk water exchanges
with the liposomal interior(s) during the course of the measurement. Outer sphere
relaxation, on the other hand, refers to any additional relaxation due to diffusion of
the water through the dipole fields outside the liposomes.

In this work we investigate models of both inner and outer sphere mechanisms.
The inner sphere models can be described analytically, numerically and through
simulation, depending on the level of generality. Outer sphere relaxation can also be
modeled analytically—either through quantum mechanics [29] or through a classical
model of bounded diffusion in a linear magnetic field gradient [30, 31]. For typical
liposomal systems, inner sphere relaxation will be seen to dominate the bulk rate.
Both inner sphere and outer sphere relaxation for most cases can be easily calcu-
lated by the simplé formulas presented here. For very large liposomes (diameter
2 500nm) the outer sphere theory should no longer apply, but one may still make
useful estimates or resort to simulation, as has been done for the case of red blood
cells [14]). Furthermore, we address through detailed simulation in how far inner
sphere and outer sphere relaxation rates are additive.

2 Models of Relaxation

We employ several different models to a system of liposomes which entrap a para-
magnetic contrast agent in their interior, and which are surrounded by bulk water
devoid of contrast agent. These models are, in order of increasing generality: (1)
analytic models—a two-compartment model of inner sphere relaxation, and both
classical and quantum mechanical models of outer sphere relaxation; (2) a numeri-
cal, many-compartment model employing a numerical discretization scheme together
with an efficient algorithm known as the generalized moment expansion [32]; and
(3) a continuous, random walk model realized by Monte-Carlo simulations.

We begin with a classical description of nuclear spin magnetization developed
by Bloch. The local magnetization is an average property of water molecules and is
subject to the diffusion of the water molecules. Each component of the local nuclear
magnetization 17(, t) is described by the Bloch equations to which a diffusion term
V - D(7)V has been added [33, 34]

5 ( Mitzans (7 £) ) _ [v, DY ( iwo + Ty () )] ( Mirans (7 t) ) W
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where D(7) is the local diffusion coefficient of water, wo is the Larmor frequency,
and T5 ¢, sy o (F) are the local transverse and longitudinal native relaxation rates.
The spatial dependence of these rates will be simple radial step functions of the
short and long relaxation times in the presence and absence of a contrast agent,
respectively. The second subscript (zero) indicates that T} g and T2 are “native”
relaxation times, i.e., the times measured in a solution of contrast agent or in plain
water in the absence of diffusion or exchange between environments.

If we ignore the effects of magnetic field inhomogeneities, e. g., due to suscepti-

bility differences, we can rewrite Eq. (1) as
dm(7,t) = [D(F) — k(A m(F, 1), (2)

where D(F) = V - D(MV, k(7) = Tl"ol(i") or Ti(}(i"), and m(F,t) = Miong(f,1)
or Myrans(T,t).2 The physical observable is the overall magnetization, M(t) =
Jo dQm(7,t) where dQ2 is a differential surface or volume element for two or three
dimensional geometries, respectively and the integration is over the whole space.
Equation (2) describes inner sphere relaxation well, but cannot describe outer sphere

relaxation since the precession term has been factored out.

2.1 Two site model—inner sphere relaxation

In water doped with a chelated paramagnetic species, e. g., Gd(DTPA)?", a nuclear
spin must not only diffuse into the immediate vicinity of a paramagnetic molecule in
order to experience a faster relaxation of its magnetization, it must also bind at the
single coordination site available for the water molecules [35]. Consequently, since
the contrast agent is located solely within the liposome interior, we assume here that
water protons must enter the interior in order to be relaxed at a rate faster than the
native rate. Thus, we consider only the inner sphere relaxation for both longitudinal
and transverse relaxation and, for the present, ignore any transverse outer sphere
relaxation.

The key factors that give rise to contrast enhancement are those that affect the
rate at which an average water molecule can enter a liposome and become relaxed.
These factors are (1) the average size of the liposomes, (2) the number of liposomes
per unit volume, (3) the permeability of the liposomal membrane to water, and
(4) the relaxivity of the contrast agent inside the liposomes. In liposomal systems
these factors can be experimentally controlled; Refs. [17, 3, 36] demonstrate how the
mentioned properties change relaxation rates of bulk water.

Recently investigated liposome systems [25, 36] employed the paramagnetic con-
trast agent Gd(DTPA)2~. In water doped with this agent, the relaxation times T}



LIPOSOMAL CONTRAST AGENTS IN MRI 777

and T2 are much shorter than in plain water; for example, T} for water protons in
100mM Gd(DTPA)?~ is about 1000 times shorter than in water, and this factor
is nearly a linear function of concentration. Thus, at a 670 mM Gd(DTPA)2~ con-
centration in liposomes one expects extremely short relaxation times (on the order
of 0.5ms) in the liposome interior. In an earlier, one site model [24, 26] we made
the simplifying assumption that water protons lose their magnetization immediately
after entering the liposome interior. Here we relax that assumption, and assign a
finite, empirically derived relaxation rate to the liposome interior as has also been
done in [25].

The (bulk) water outside of the liposomes can be parcelled into imaginary cells
of equal volume V for each liposome, and one can consider the diffusion of water
to be confined to within these cells, i.e., as if the bulk consisted of cells separated
by impenetrable walls. This situation is physically equivalent to the real, undivided
system because the effect on a water molecule visiting two different liposomes at
times t; and ¢, in practice, cannot be distinguished from the effect of a water
molecule visiting the same liposome at times ¢; and t5. Therefore, we model the
entire diffusion space by a small spherical cell, divided into two concentric, spherical
regions (Fig. 1): a liposome interior where water spins relax rapidly due to the
contrast agent (I) and an outer region (II) that includes the liposomal membrane as
well as the surrounding volume according to

Vi Ceﬁ"

—-—-=—=V, 3
Vi G, ¥ (3)

where V] and Vi1 are the respective volumes of regions I and II, and Vr is the frac-
tion of the volume containing contrast agent.® This fraction can be experimentally
determined as the ratio of the effective Gd(DTPA)?~ concentration, Cef, to the
concentration inside the liposomes, C,. ‘
Exploiting the spherical symmetry of this system we can employ the simpler,
radial forms of Egs. (1) and (2); i.e., ¥ = r and D(F) = V- D(" )V = D(r) =
;1;(9,7'2D(r)8r. Written in this form, the outer boundary of region II corresponds to

a reflective boundary condition
Orm(r,t) =0, atr=r;. _ - (4)

Nevertheless, here we do not directly solve Eq. (2), but rather we make use
of known solutions, derived in [26], to provide us with the exchange rates across
the membrane. We then assume that the magnetization can be well described by
two components, m; and m,, corresponding to the overall magnetization (signal
amplitude) in each region. A key implicit assumption in this model is that all spins
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in both regions have equal access to the partition between the regions, or, in other
words, the magnetization does not have any spatial dependence within each of the
two regions. If we define a “diffusional exploration time,” i.e., the order of time it

takes one particle to diffuse the distance between two liposomes

=, ®)

TD =

where D,, is the diffusion coefficient of water, then for this assumption to be valid
7p should be much shorter than the membrane-exchange time. For a volume frac-
tion of 0.003, 7p ranges from about 19 ps for 70 nm liposomes to 790 us for 400 nm

liposomes—all much shorter times than the membrane exchange time.

Factoring out the native relaxation?, the magnetization of the system can be .

described by a system of two coupled ordinary differential equations

_l_i_ ( Tni(t) ) — ( —(Ri+Rio) Ry ) (mi(t) (6)
dt \ mo(t) Rio ~Roi ) \ mo(t) )’

v

R

where m;(t) and mo(t) are the magnetization inside the liposome (region I) and
outside (region II), respectively. The rate matrix R consists of Ri = T}"', the
relaxation rate caused by the agent inside the liposome, and the two exchange rates
R;, and Roi; Roi is the rate of water molecules passing from outside the liposome
(region II) to inside (region I), and Rjo is the rate of transport in the opposite
direction (see Fig. 1). Initially, the total magnetization m;(0) + mo(0) is normalized
to unity and it holds m;(0)/mo(0) = V;.

The description according to Eq. (6) leads to a bi-exponential time dependence
for the total magnetization where the two rates are given by the eigenvalues of
R. The eigenvalues are distinct (non-degenerate) as long as the membrane is not
infinitely permeab?e. An infinitely permeable membrane would correspond to a fast
exchange condition, and in that case the single eigenvalue would be the weighted
average of the two rates Rnative and R;. When the eigenvalues are distinct, the
resulting eigenvectors describe two new components of the magnetization mygag(t)
and msgjow(t). The amplitude of the fast component mfast is much smaller than that
of mgjow as long as Vj is small, and miast(t) relaxes on a time scale that is usually
not observed (< ms). Hence the bulk signal relaxation enhancement is described

almost completely by mgow. Its corresponding relaxation rate is given by

io i+ Ri) — vV(Rio i + Ri)% — 4RoiRi
Rslow‘_—'(R + Roi + Ri) \/(2+Ro+ )? —4RsiRi %
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Including only the first two terms of the Taylor expansion of the square root around
(Rio + Roi + R;)? this expression simplifies to

. R. . R.)2
ROIRI + (Rle)

Riow= g Rt R T (Rat Rat B

(8)

For typical parameters (see below) the second term is usually negligible compared
to the first.

Since the molecular diffusion is in equilibrium, i.e.,

Roi =V Rj,, (9)

the particle density should remain constant even as water molecules exchange across

the membrane. Using relation {9), one can express (8) as

1 = Ryow = ViRioR; Viki ViRioR; - Vf’ri;lTi"1 _V
= low Rio(l + Vf) + R; - R, + R; = Tizl +Ti—1 'T'lo+Ti.

10
Ty (10)
which is identical to the results of Swift and Connick [37] that Koenig [25] employs.
The time Tpara measures the decrease of the relaxation time with respect to the
native relaxation time Tj, and it holds

1 1 1

Tpara Tobserved TO ’

(11)

where Tobserved is the relaxation (slow component) actually observed.

The times Topserved; 0, and T; can be measured experimentally and, through
Eq. (10), the lifetime of water molecules inside the liposome, 7o, can be determined.
If one relates 1, to the membrane permeability, one can, through (10), derive the
permeability from a measurement of the relaxation rates. In [25] the exchange time
Tio has been related to the membrane permeability Py as follows

_ Vv T
ﬂo—PdS —3Pd, (12)

where r; is the inside radius of the liposome (see Fig. 1). The permeability can thus

by determined using
T1

= 3(Vprara - T‘l) ’

Py (13)

Membrane transit included Equation (12) does not, however, accurately de-
scribe the lifetime of water molecules in the interior of the liposome, i.e., the time
the water molecules are exposed to the contrast agent, but rather, it describes the
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escape of water molecules across the membrane of liposomes with outer radius 71
(with inner radius r —d, where d is the membrane thickness) [26]. The point is that
if molecules are in transit within the membrane, they are neither “out,” nor are they
still in region I where they would be exposed to the contrast agent. The two asso-
ciated issues are (1) how long do spins typically reside in the membrane and (2) to
what extent are they protected from the Gd(DTPA)?~ while inside the membrane?
The second question is related to whether the contrast agent can penetrate the
lipid bilayer. Koenig et al. point out that since Mn2+ interacts with the interfacial
charged groups, the same may hold for Gd(DTPA)?~ [21, 25]. Concerning the first
question, a detailed model of water transport across liposomal membranes is still

not a.vaila.blez'__(s}o we cannot know exactly how much of the exchange time 7o is spent

g

in the membrane. Here Koenig et al. suggest that since the activation enthalpy for
water transport does not change very much between liposomal systems of between
zero and 30% cholesterol, and yet cholesterol is observed to cause an increase in
the local orientational order within the lipid acyl chains, it is the penetration of the
head group region and not the transport through the whole bilayer that limits the
exchange. Even so, to better describe the situation where water molecules only have
to get into the membrane to experience the native (slow) relaxation rate, we use the

time it takes particles to reach the inside of a liposome [26],

Toi = 3 (14)
oL 3Py’
together with the equilibrium relation (9), to calculate
2
r{ rd T
= = . 15
To= 3Pz 3Dm (1'1 ¥ d) (15)

Here ro is the outside radius of the liposome, r3 is the radius of the average volume
per liposome, d = rg — 11 is the membrane thickness, and Dy, = Pyd is the diffusion
coefficient of water in the membrane (cf. Fig. 1). We thus find a new expression for

the membrane permeability

rf

P;= ,
4 3re (Vf Tpara - Tl)

(16)

which is reduced by a factor r1 /ro compared to Eq. (13). This modification is minor
for larger liposomes, but for 50 nm (outer diameter) liposomes it reduces Py by 20 %.

For applications of liposomes to imaging, one typically would like to know the
activity of a liposomal system for a given membrane composition. Solving Eq. (16)

for 1/Tpara, One obtains
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Vs

l/Tpam = T+ 1‘12/3Pd1‘2 ’

(17)
Water displaced by contrast agent When large salts such as NayGd(DTPA)
are disolved in water, some fraction of water will be displaced by the ions. This
will have the effect of reducing V; in the formulas presented above by exactly the
fraction of water displaced, but will not affect the radii. For a 100 mM concentration
of Gd(DTPA)?-, approximately 17% of the water volume is taken up by the ions
(cf. Appendix) [38]. Thus, 1/Tpara Will be reduced by 17% (cf. Eq. 17). This effect,
however, acts oppositely to the effect of the membrane thickness. A specific example
is provided below in Results.

2.2 Discrete shell approximation

It is straightforward to solve the radial form of Eq. (2) by numerical methods.
Numerical integration is necessary since it is not possible to integrate analytically the
Bloch-diffusion equation for spatially inhomogeneous relaxation rates. This solution
serves as a check on some of the assumptions in the former model. Although the
two-site model describes the exchange aspect of most liposomal systems quite well,
this success depends (1) on the high diffusion constant of the solvent (water) and
(2) on a sufficiently high volume fraction Vy. If either were to become so low that
the diffusional exploration time 7p became comparable to the membrane-exchange
time, then the two-site model would no longer give accurate results.

To obtain a solution in the form of a sum of exponential decays, we employ the
generalized moment expansion [32]. We first make a finite difference approximation
to the radial form of Eq. (2), whereby the diffusion space is discretized and, by
the spherical symmetry, mapped onto a 1 x N lattice whose sites correspond to
discrete shells of the spherical diffusion space. The Brownian motion of the water
protons is represented by jumps between adjacent lattice shells. The “jumps” are
described by an N x N, tridiagonal transition matrix D which replaces the differential
diffusion operator D(r) [32, 39]. Similarly, the scalar reaction operator k(r), defined
by Eq. (2), is mapped onto a diagonal matrix K with elements K,, = k(r =r,).
With this notation the master equation corresponding to Eq. (2), i-e., the finite
difference approximation to Eq. (2), can be written as follows

8m(t) = [D — K] m(2), (18)

where m is a vector with components m;, j = 1,2,..., N, such that m; accounts
for the total magnetization of the water in the j*! shell.

¥
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While a time-iterative solution of Eq. (18) can be directly obtained according to
a scheme such as

m(t+ At) =~ m(t)+ At [D-K]m(t), or (19)
m(t+ At) ~ m(t)+ —A:-; [D — K] (m(t) + m(t + At)) | (20)

4

(At denotes a short time interval), a much more efficient scheme is the generalized
moment expansion (GME) [32, 40]. It has been used here to produce a bi-exponential
solution, but a greater number of exponential terms can easily be reproduced by
this method in cases where the magnetization would be better described by more
than two exponential terms. The method has been thoroughly described elsewhere
«:Aere it has been applied to Brownian relaxation processes [32], dynamic correlation
functions [41], and used to develop the method of continuous microphotolysis [40, 42].
In a forthcoming paper, detailing how the GME can be applied to Eq. (2), the
method has also been employed to investigate bi-exponential relaxation in systems
of biological capillaries [43].

2.3 Outer sphere theory

When Gd(DTPA)2~-containing liposomes are placed in an external magnetic field,
they producé magnetic field distortions around them. These distortions give rise to
outer sphere relaxation: spins outside the liposomes become dephased by heteroge-
neous Larmor precession frequencies experienced through diffusion. Outer sphere
theories of relaxation endeavor to quantitate the degree of relaxation according to
the strength and size of the dipoles and the rate of molecular diffusion. The duration
(echo time) of the measurement will be seen to play a key role in the application of
the established outer sphere theory. The reader may also want to read the thorough
discussion presented in [i0].

In the presence of magnetic field inhomogeneities, the transverse magnetization
quickly decays due to dephasing. If in the sample the range of frequencies is denoted
by Aw, and the time it takes for a spin to translate through the whole frequency
range is denoted by 7, then when

Awt <L 1, (21)

there will be a motional narrowing of the frequency lineshape (spectral density).
In other words, the entire range of frequencies is equally experienced by every spin
within each precession period (in the rotating frame of the homogeneous field) and

t;he lineshape will be correspondingly narrow. What brings motional narrowing
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into the present discussion is that motional narrowing decreases (secular) transverse
relaxation—for extreme motional narrowing, there will be no spin-spin dephasing
since all the spins will precess at the same average frequency.

We first consider free diffusion in a linear magnetic field gradient. Very soon after
an initial 90°-pulse the magnetization will decay away due to spin-spin dephasing.
There are several ways of rephasing the spins which are all based on the simple
Hahn spin echo pulse-sequence [90° — 7 — 180° — 7y — collect] where 7y is the time
between pulses. The spin echo, however, does not rephase those spins which have
translated through, and thus sampled, variations in the magnetic field during the
measurement. For Tg = 27y, the degree to which spins are not rephased, and are
therefore relaxed, is given by the Hahn-Torrey expression [33, 34]

m(Te) ~ expl- 2D (/G)*r}] = expl~T/Tyn] (22)

where D is the diffusion coefficient and G is a linear magnetic field gradient. In fact,
this phenomenon is often called “diffusion weighting” and is used, in a myriad of
variations on this simple formulation, to measure the diffusion constant of the spins
in a sample (44, 45, 46, 47]. To describe the signal decay from the initial excitation
to the time of the echo, one can define a relaxation time Tby which is dependent on
the echo time 7y, as in Eq. (22)

- 1 '
T3u(Tr) = 3D(vG)?rf. (23)

Since the relaxation rate T{I} depends on the square of the echo time, it in-
creases rapidly as 7y increases. The result, however, applies only to free diffusion
in an (unbounded) linear magnetic field gradient. The dependence of the relaxation
rate on 7y can be explained by the spins sampling an increasingly larger range of
frequencies as 7y increases. Defining

L% = 2Dy, (24)
we can eliminate D from Eq. (23):
2 2.2
-1_(27-”) = ;[l{ﬂr_ﬁ = (Aw)27’1{/6. (25)
Tog 67y

Of course, if there is to be any signal left at time T, it should hold that 1y < Thy
since the latter determines how long the signal remains. If 7y < Toy then Eq. (25)
yields AwTy < 1 which implies the well known result that reducing 7y reduces
the relaxation rate. In fact, the Carr-Purcell sequence of n 180°-pulses, separated
by time intervals 27y /n, gives rise to a rate diminished by n? compared to 1 /Toq.
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Thus, one can view the shortening of the time between 180°-pulses as reducing the
available Larmor frequencies, just as spatial boundaries can do [10].

Analogously, if the range of frequencies is restricted, then the 1',2, dependence of
1/Toq breaks down, and, in fact, 1/Thy approaches a constant value. In the system
considered here, where o (the liposome’s outer radius) is the distance of closest
approach to the dipole and where D is the diffusion constant of the solvent (water),

we define a diffusional correlation time

which characterizes the time it takes a spin to sample the extremes of the dipole
field when it is near-the liposome. In this case motional narrowing can occur if
translation across the whole variation in frequency space occurs well before, in the
rotating frame of the homogenous field, the spins have precessed 1/Aw; i.e.,

TR K 1/Aw. (27)

This motional narrowing, however, will not be observed unless 7y =~ Tg. The lat-
ter is a requirement on the measurement, while Eq. (27) is a requirement on the
relationship between the rate of diffusion and the dipole moment.

We will see that as long as 7y < Tg we can describe the relaxation by Eq. (25),
but when Eq. (27) holds and g > 7g then the rate observed will approach a constant
value

Ty = (Aw)?rR/S6, (28)

independent of further increases in 7. What is interesting is that for very large
liposomes, Eq. (27) no longer holds and T>y will continue to increase as long as
T < Toy.

So far we have only considered relaxation in the vicinity of the liposomes. A low
density of liposomes (V) has two effects: (i) it reduces the effect of field overlap,
and (ii) it introduces a mixing time 7p defined by Eq. (5). For low Vy point (i)
is quite minor since the field falls off as r% . In our simulations we do not consider
field overlap. Also for low Vy, however, point (ii) can be significant—7p is 100 times
greater than 7p for V;=0.001. In a log-log plot of 1/Toy versus Ty one would see
that although the line bends over at Ty =~ 7, it does not converge to an asymptotic
value until 7y > 7p (see Fig. 7).

Liposomes as magnetic dipoles

In the presence of an external magnetic field B,, the difference Ax between the

susceptibility of the Gd(DTPA)?~-containing liposomes xgd(pTpa), 2nd that of the
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surrounding medium (water) xu,0 induces a dipole field distortion around the lipo-

some. The induced magnetic moment of the liposome is (see, e. g., [48])

1+XGa(pTPA) _ 1
1+Xu,0

1+ XGda(pTPA) +92
I4+Xu,0

A
Bord ~ TX Bord (29)

lj,_—..

where AX = Xgd(pTPA) — XH,0 and 71 is the inner radius of the liposome. The
precession frequency of the spins is determined by the z-component of the dipole
field, given by

2.9 __ 3
Bu(r,9) = u “ﬁrf_l_ = AxB,(cosd — %) (lrl-) (30)

where r measutes the distance from the liposome center.

Values for Ax are calculated in the Appendix. In Fig. 3 we show how this
difference grows non-linearly with the concentration of Gd(DTPA)%2~. For solu-
tions of 100mM Gd(DTPA)2~, Ax =~ 2.1ppm whereas for solutions of 670 mM
Gd(DTPA)?2-, Ax ~ 70ppm. This means that susceptibility effects are 30 times
greater for a 7-fold increase in GA(DTPA)?~ concentration and, as we will see below,
this leads to an almost 1000-fold increase in the outer sphere relaxation!

Quantum-mechanical approximation

Outer sphere relaxation theory [10, 25] relates the dephasing or “secular” relaxation
rate of the transverse magnetization T{selc in the presence of magnetic dipoles (here,
liposomes) to three quantities: (i) to dw, the average magnetic field contribution (in
angular frequency units) at the equator of an average magnetized liposome; (ii) to
the diffusional correlation time 7g defined by Eq. (26); (iii) to the volume fraction

Vi = (—2)3 (31)

T3

occupied by the liposomes

This problem has been treated in several works (see e.g., [29, 49]) and the result
has presented {10, 25] in the following convenient form,

1 16
— = —V/(6w)?mR. 32
Toe = 138 f (bw) R (32)
As pointed out previously [10], this solution has the same form as Eq. (28), which
was derived classically. The discussion surrounding Eq. (28) makes it clear why the

validity of Eq. (32) requires that the rapid exchange condition

dwrp K 1 (33)



786 PUTZ, BARSKY, AND SCHULTEN

TABLE 1
liposome 100 mM 670 mM
radius | 7g | Beq (6w)? Topne Beq (Sw)? dwTr Tsi.  simulated
35 1.2 0.66 0.031 0.00014 | 189 25.5 0.006 0.0175
50 2.5 | 0.77 0.042 0.00034 | 21.9 34.2 0.015 0.0415 ~ 0.108
100 10 { 0.90 0.058 0.00160 | 25.7 47.4 0.069 0.195 >0.51
200 40 | 0.97 0.068 0.00693 | 27.8 55.3 0.298 0.845 >1.91

Estimates for Tj.. by Eq. (32). Liposome radii [nm] correspond to r2; 7r [10-¢ 5]
is defined by (26). The equatorial field, Beq [uT}, is calculated on the outside of
the liposome membrane. The frequency spread, (6w)? [10%s~2], is given by (34). The
calculated relaxation rates, T;:). [Hz], assume an effective Gd(DTPA)?~ concentration
of 2mM, translated by Eq. (3) into a volume fraction of 0.02 for 100 mM liposomes
and 0.003 for 670mM liposomes. Where available, simulation results are provided
for comparison (cf. Table 3). For 670mM Gd(DTPA)?~ concentration we also show
Swr, R

be fulfilled. It is also clear that in order to observe this singular rate 1/Thsec, the
measurement time (27) should be much longer than the diffusional correlation time
(Tr). When these conditions do not hold, the rate 1/Thgec reverts to 1 [Tom; i.e., it
will depend on the square of the echo time 7y as long as 7y < Tag. Values of 7g
for liposomes with the radii considered above are also shown in Table 1. There we
list the product dwTg only for 670 mM Gd(DTPA)?~ liposomes since it is very much
less than unity for 100 mM liposomes.

The magnetic field (in angular frequency units) at the equator of a magnetized
liposome is nearly given by dw = YAxB,/3 from Eq. (30). The finite thickness of
the membrane, however, creates a small modification: since the field at the equator
is proportional to the entrapped volume with radius r1, but the distance of closest

approach is given by ro, the equatorial field on the liposome outer surface is given
by®

Suw(r) = 7A;‘B" (%)3 (34)

Values for Tj,.. are listed in Table 1. Particularly noteworthy is that T
becomes non-negligible only for large liposomes containing a large Gd(DTPA)?-
concentration. Indeed there is a nearly 1000-fold increase of (6w)? in going from
100 mM to 670 mM Gd(DTPA)?~ solution.
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2.4 Simulations

To study the simultaneous occurrence of inner sphere and outer sphere relaxation,
we developed a simulation program that models the Bloch-diffusion equations for
spin ensembles in simple geometries. Diffusion processes are represented by a ran-
dom walk of the molecules (see also [50]); spin precession and relaxation are treated
classically. The program employed here is described in detail in [51]. Similar Monte-
Carlo simulations have been presented in [14, 27, 52, 53, 54]. We know of only one
other simulation that endeavored to describe the exchange of particles (correspond-
ing to the inner sphere mechanism) across a barrier (specifically, red blood cell
membrane) of specified permeability [27]. In that simulation, however, outer sphere
relaxation due to susceptibility differences were not considered. The simulations
undertaken here are intended “t¢” provide a description of relaxation that incorpo-
rates both the inner sphere and outer sphere mechanism. For our purposes here, an
accurate description of exchange as a function of permeability is important since we
intend to compare the effects of exchange (inner sphere mechanism) with those of
susceptibility differences (outer sphere mechanism) in order to determine in how far
these mechanisms are additive or collapse into one another, e. g., it is possible that
the inner sphere mechanism becomes ineffective since all the spins that reach the
liposome interior are already relaxed through the outer sphere mechanism.

The Monte-Carlo simulations produce the magnetization of the sample as the
vector sum of all the simulated magnetic spins. As in a Hahn spin echo experiment,
the transverse relaxation is measured by the difference between the initial excitation
and the echo amplitude after a time Tg = 27p.

The relaxation times in each region, i.e., T; and Tj for region I and I, respec-
tively, are known. During each time step, At, the spin magnetization is reduced
by a factor exp[-At/T], where T is the appropriate relaxation time. We typically
simulated measurement times less than 1 ms. Since this time scale is the same as the
relaxation time inside the liposome, a simulation of the complete liposome system
would be dominated by the small, fast component due to the initial relaxation of the
spins inside the liposome. To eliminate this component in favor of the slower bulk
relaxation, due to either exchange between regions or outer sphere relaxation, we
place all the spins in a nearly uniform distribution outside the liposomes. In Fig. 1
this corresponds to region II, but here the membrane is assumed to be infinitely
thin.

Exchange across the (infinitely thin) liposomal membrane is modeled by condi-
tional jumps which occur whenever a particle encounters the membrane. The jump
probability is calculated as the ratio of the expected fraction of particles leaving a
subvolume [derived from either Eq. (14) or (15)] to the fraction of particles expected
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FIG 1: Model of the liposome system. The radii 1,72, and r3 characterize the inside
and outside radii of the liposome membrane and the radius of the average volume per
liposome, respectively. In region I relaxation is enhanced by the contrast agent, and
in region I (the membrane and the outside) the relaxation takes place at the native
rate. Exchange pathways, characterized by the exchange rates R;, and R,;, between
region I and region Il are indicated by thick arrows.

to encounter the membrane [calculated by integrating the diffusion equation (2) with
k = 0 over one time step]. The probabilities found for membranes of permeability
10 pm/s are 11 and 15 jumps per 10° membrane encounters on the outside and the
inside, respectively. These probabilities show only a weak dependence on the lipo-
some size (£1 per 10 encounters), and are in good agreement with reports from
earlier simulations [27].

Relaxation in the dipole field around the liposome is modeled classically. We
consider the magnetization in a frame rotating with the Larmor frequency corre-
sponding to the external field, w, = 7B, and, therefore, spin precession is due to
the dipole field only. The magnetization vector assigned to each particle precesses at
each time step with a frequency corresponding to the Larmor frequency of the local
field felt by the particle averaged over the time step. We do not consider overlap of
the field from neighboring liposomes as has been done in [55). As long as the distance

between liposomes is several times larger than their radius and the dipole moment
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FIG 2: Dipole field B, in region II, rescaled for each liposome radius r; such that
the ratio ry/ry = {/Vy is held constant for V; = 0.003. The liposome interior,
region I, is shown as the gray circle in the center. Assuming a constant membrane
thickness d=5 nm, the membrane appears proportionally thicker for smaller liposomes;
the membrane for a 70nm liposome is indicated by the white ring around region I,
while the membrane for a 400nm liposome is depicted by the thick line bounding
region L

is not too large then this effect is negligible. If, for example, 572 ~ r3 corresponding
to V¢ = 0.01, then the field felt at one liposome from a nearest neighbor is on the
order of Beq(r2/2r3)% = 0.001 Beq Where Beg is the field at the equator as given by
Eq. (30).

The finite volume fraction V; is accounted for by a reflective outer boundary at
radius r3 as in Figs. 1 and 2. At a reflective boundary the effect of diffusional edge
enhancement in the presence of magnetic field gradients induces a slight enhance-
ment in the magnetization [56]; this effect should be rather negligible for the small
gradients considered here.

In our simulations we used Ax[670mM] = 60 x 10~6 and a 1.5T magnetic
field as employed in [36]. The resulting dipole moment for a 400 nm outer diameter
liposome is then ©(400nm) = 2.22 x 10~2 Tm3.
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Simulation tests In order to make certain that our simulation program accu-
rately describes the complex interactions of diffusion, exchange, and spin precession
in inhomogeneous fields, we performed a series of tests. To check our simulation
program accurately describes relaxation in a magnetic field gradient, we simulated
a Hahn spin-echo experiment with different linear field gradients. The observed
relaxation rate was in excellent agreement with the Hahn-Torrey relaxation (22),
with a deviation of less than 0.5% at time ¢t = 27. Spin precession in a dipole field
was also tested by turning off the Brownian motions of the particles and monitoring
their precession at various positions in the dipole field. The precession frequency
observed, wobs(r), was compared with the frequency calculated from the parameters
used, wgip(r) = 7B (r), where B; is given in Eq. (30) and where 7 is the gyromag-
- netic ratio. Phe difference was found to be less than 0.01 %.

The question of what step size accurately describes the combined processes of
diffusion and exchange has also been investigated. In general, shorter time steps
will more closely reflect the microscopic processes and, therefore, give more precise
results, yet the time steps need be chosen as long as possible to minimize simulation
time. We simulated diffusion in the absence of field inhomogeneities in order to
monitor the success of a Monte Carlo description of the inner sphere mechanism
and to compare the results with that for the two-site model above. In the absence of
a dipole field we chose time steps such that particles on average do not travel more
than the radius of the smallest region during one time step; time steps of 107 s
satisfied this consideration. In the presence of magnetic field inhomogeneities smaller
time steps can be necessary. Simulations were run for liposomes with 400 nm outer
diameter containing 670 mM Gd(DTPA)?~. The dipole moment of the liposome
in an external field of 1.5T is then 2.22%10~25 Tm3. Running simulations with
a constant echo time (27) but different time steps shows that the relaxation rate
increases as the time step is increased. This is attributed to insufficient sampling
of the dipole field for long time steps. Thus, time steps of 10~7 s were chosen to
compromise between achieved accuracy and feasibility of simulations (cf. Table 2).
Over this time step water molecules diffuse approximately 14nm. We therefore
employed simulations of outer sphere relaxation only to liposomes of at least 100 nm
diameter. What is also interesting is that if the time steps are taken too large
especially for the smaller liposomes, the sampling becomes random, resulting in a
relatively higher relaxation rate for short measurement times, i.e., times where a
single spin can not sample the whole frequency range. This has been demonstrated
nicely in [53]. We thus expect the results to be more accurate for larger liposomes.

The simulations were carried out on a Connection Machine CM-200, a massively
parallel machine (32,678 processors) that allowed us to complete these computation-

ally intensive simulations. The large number of processors was utilized by assigning
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FIG 3: Weighted susceptibility (in ppm) of a Gd(DTPA)?~ solution, calculated from
Eq. (42), versus Gd(DTPA)?~ [mM] concentration. The upper, solid curve corre-
sponds to a 670mM solution of GA(DTPA)?~ where 257 mL of water are displaced
per mole of GA(DTPA)?~. For reference, the lower, dashed curve assumes no wa-
ter is displaced by the Gd(DTPA)?~. The susceptibility of the water surrounding
the liposome is indicated by the dot-dashed line. The two points () indicate the
concentrations for which the water displacement has been measured [38].

TABLE 2
echo time 27 | time step | outer sphere relaxation rate
12 us 10-%s 0.0941s~1
107 7s 0.0865s1
1078s 0.0862s7!

Effect of the choice of the simulation time steps on the observed outer sphere relax-
ation rate for 400 nm liposomes. There is rather good agreement for time steps of
10~7 and 10~%s, the difference being only 0.3 %, compared to a difference of almost
10 % between 10~7 and 10~%s. For longer time steps, however, the rates differ signif-
icantly, indicating that using time steps larger than 10~7 s will almost certainly yield
unreliable results. For smaller liposomes even shorter time steps may be necessary
(see Fig. 7).
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one spin to each processor, or, more precisely, one spin per virtual processor when
the number of spins exceeds the number of available processors. Since the CM-200
is a SIMD (single instruction, multiple data) machine, each instruction in a pro-
gram is simultaneously executed on all the processors, and, therefore, all the spin
trajectories are independently calculated in parallel. Only at times when the overall
magnetization is recorded, is inter-processor communication necessary in order to
sum up the individual magnetization of all the processors.

The computational requirements were (1) to have a sufficient number of spins to
yield statistically meaningful results, and (2) to use time steps short enough to ade-
quately sample the features of the diffusion space, especially the dipole field around
the liposomes. Related to the small size of liposomes, this latter requirement makes
our simulations computationally more intensive than similar simulations carried out
for larger systems [14] and allows only relatively short times to be simulated.

For simulations of outer sphere relaxation 65,536 spins gave well-converged re-
laxation rates. In simulations of inner sphere relaxation, we used 262,144 spins to
reduce statistical fluctuations that seem to be unavoidable by our model of exchange
across the liposome membrane. Typical simulations required between 30 minutes

and 4 hours, depending on the number of particles and the simulated echo time.

3 Results and Discussion

A major criterion for the evaluation of a contrast agent is its ability to increase the
bulk relaxation rate of the tissue into which it is introduced. As the mechanisms
described above are applied to real systems, a key question will be what relaxivity

do liposomal contrast agents actually provide, i.e., how well do they work?

3.1 Inner Sphere (Exchange) Models of Relaxation
Two-site model

Here we apply the two-site model described above to data published in [36]. In
Fig. 4 we plot the permeability (determined via Eq. 16) as a function of mean outer
diameter for egg PC/cholesterol = 6/4 liposomes with internal relaxation rates of
1/T; = 1869 Hz, at a volume fraction Vy = 0.003 (values from [36]). We observe
that while no single P, value can match all the liposome sizes, a value of 16 um/s
is in fairly good agreement. Previously [26], we applied a simple one-site model to
the same data [36] where we assumed that because the inside relaxation rate is high
(on the order of 2000 Hz), the magnetization of spins exchanging into the liposomes

should vanish before they exit. This approach yielded a value of P; = 9.4 um/s—not
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FIG 4: Permeability (from Eq. 16) as a function of mean outer diameter for
egg PC/cholesterol=6/4 liposomes with internal relaxation rates of 1869 Hz (data
from [36]). The horizontal line corresponds to 16 um/s. The error bars are due to the
uncertainty in the liposome sizes.

too different from 16 pm/s as has been derived here. That the value is nearly double
in the two-site model is due to the exchange time 7j, being comparable to the inside
relaxation time Tj;.

As mentioned above, in the context of liposomes as MRI contrast agents, the
crucial issue is the degree of relaxation rate enhancement. In Fig. 5 we present
the relaxation rate enhancement (1/Tpara) as a function of liposome size for the
relaxivity 1/7T; = 1869 Hz, volume fraction Vy = 0.003 (as above), and the derived
permeability of 16 um/s. We present 1/Tpars also for a lower relaxivity 1/T; = 421 Hz
(interpolated from [25]) and permeability 8.7 um/s reported in [25] for similarly
constructed liposomes (POPC/cholesterol = 6/4) at 25°C. Since no temperature was

reported for the earlier data we chose this temperature for comparative purposes.

Relaxivity dependence on liposomal size As one can see from Fig. 5, the
dependence of the relaxation rate enhancement Tp_aia on the liposome radius for
liposomes filled with a moderate amount of Gd(DTPA)?~ (100 mM) is weaker than
for liposomes filled with significantly more contrast agent (670 mM) in which case
the size dependence is strongly non-linear. Also shown is that the dependence on
size is further reduced by an increase in Py, a point made clear by inspection of
Eq. 17.
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FIG 5: Relaxation rate enhancement 1/Tpara as a function of mean outer diameter
for liposomes of relative abundance Vy = 0.003 with, respectively, internal relax-
ation rates and permeabilities of: (dashed line) 420Hz, 8.7 pm/s and (solid curve)
1869Hz, 16 um/s. (The last value is derived from 16.) The data points are for egg
PC/cholesterol=6/4 liposomes () in [36] and () in [25]), where the latter datum
has been recalculated for the same V;. Also shown (wide dashes) is 1/Tpara for an
internal rate of 420Hz and permeability of 136 um/s.

By modern preparation techniques, involving the extrusion of liposomes through
polycarbonate filters, one may achieve a distribution of £20nm in liposome di-
ameter [57]. We have found that a symmetric variance in the size distribution of
liposomes has very little effect on the system relaxation rate enhancement T;a}.a. In
Fig. 6 we compare Tp‘aﬁa for exact liposome diameters with T;,;lm for distributions
of liposome diameters, each with a variance of 20nm, and find only a few percent
change. Even for normal distributions with standard deviation of 40nm one does
not see significant deviations. On the other hand, if the mean diameter of the distri-
bution is significantly uncertain, there will be a correspondingly large uncertainty in
the rate enhancement one could expect. In Fig. 6 we demonstrate this by plotting
T;;lra as a function of extrusion filter pore size, assuming that the mean diameter of
the liposomes is 70 % of the pore diameter. This corresponds to a mean liposome
diameter of 70 nm being produced by a 100 nm filter, a particular case realized in a
histogram of diameters observed by cryo-transmission electron microscopy for DPPC
liposomes prepared by ten passes through a 100 nm polycarbonate filter (see [57],
p. 280). Interestingly, this is essentially the same distribution reported in [36] for egg

PC/cholesterol = 6/4 liposomes passed ten times through a 50 nm polycarbonate
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FIG 6: Relaxation rate enhancement as a function of mean outer diameter. The solid
curve corresponds to that of Fig. 5. Also plotted are the corresponding rates for
Gaussian distributions of liposomes with standard deviations of 20nm (with a lower
diameter limit set physically at 25 nm) (short dashed line), and the rates as a function
of diameter reduced by 3/10 (wide dashes).

filter! Thus, the composition of the membranes seems to greatly affect the outcome

of the extrusion technique.

Relaxivity dependence on Gd(DTPA)?~ concentration In Eq. 17 one can
observe that the smaller and the more permeable the liposomes, the more effective an
increase in 1/T; (i. e., an increased concentration of entrapped contrast agent) will be
in increasing the bulk rate. Since T[;_a]fa. is proportional to the inverse of the sum of two
quantities, (7io + T}), its maximum occurs when they are roughly equal. Increasing
the permeability without increasing the concentration of entrapped contrast agent
will not increase the rate enhancement indefinitely, but will instead make the rate
enhancement insensitive to liposome size. As T, is made vanishingly small, the
bulk rate will become just the volume-weighted average of the entrapped contrast
agent rate with the native rate. For purposes of reproducibility in relaxation rate
enhancement, it may be seen as an advantage that the size dependence of relaxivity

goes down with higher membrane permeabilities (cf. Fig. 5).

Permeability measurements To evaluate the effects of taking into account the
membrane thickness and water displaced by the contrast agent, we apply both
Egs. (13) and (16) to observations of cholesterol-free POPC liposomes with an
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outer diameter of 50nm [25]. For these (rather small) liposomes, Eq. (16) yields
the permeability values of 10 um/s and 28 um/s at 5°C and 35°C, respectively, a
reduction in the membrane permeability of 20 % compared to what is obtained by
Eq. (13). This, however, brings the values only slightly closer into agreement with a
permeability measurement of Py=6.4 um/s for 300 nm liposomes by D20 transport
at 23°C [58], a value about 1/6 the results in [25]. On the other hand, when one
further corrects for water displacement by reducing Vy by 20% (corresponding to
100 mM—see Appendix), one finds that Py nearly doubles.

Discrete shell and random walk models

We have employed the generalized moment expansion (GME) through a finite dif-
ference approximation (as outlined above). The liposomes present a particularly
simple application because they are spherically symmetric. For all the permeablities
considered in the scope of this work (P; <1-500 pm/s), this algorithm produces the
same relaxation rates as the two-site model.

Random walk simulations of inner sphere relaxation agree only qualitatively with
the results from the two models above. The quantitative disagreement between the
relaxation rates given by the two site model and those produced by simulation,
suggests an inaccuracy in the calculation of a membrane transmission probability as

a function of permeability (cf. Table 4).

3.2 Outer Sphere Relaxation—T, only

Using a liposome diameter of 100nm, an internal Gd(DTPA)?~ concentration of
100 mM, an effective concentration of 1 mM, and an external field of 1T we find by
Eq. (32)

~ 87 x 1075 Hz, (35)

2sec

approximately a factor 20 larger than the value estimated in [28] for the same sit-
uation. For larger liposomes the equatorial field increases slightly, but 7g increases
with the square of the (inner) radius. For liposomes of 400 nm diameter this implies
an increase by a factor of about 16 compared to the value above. We found (see
Fig. 3) that for higher Gd(DTPA)?~ concentrations inside the liposomes, the sus-
ceptibility difference between inside and outside the liposomes increases nonlinearly.
The square of this increase enters Eq. (32) via (6w)?, and, therefore, large liposomes
containing a more concentrated GAd(DTPA)?~ solution show relaxation rates on the
order of 1Hz. This is probably too small for imaging applications.

Incidently, this coincides with estimates of outer sphere relaxation in striated
muscle tissue done by Packer [31] based on results by Robertson [30]. The frequency
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spread between highest and lowest frequency induced in the muscle tissue Aw has
been reported as being on the order of 1.4x103s™1 [59], from which Packer finds a
relaxation rate of 0.5 Hz. He thus concludes that in muscle tissue relaxation effects
due outer sphere relaxation are negligible (approx. 0.2 % for echo times of 5 ms).

Thus, for “normal” size liposomes, outer sphere relaxation appears to be insignif-
icant for contrast enhancement. Nevertheless, very large, multivesicular liposomes
containing GA(DTPA)2~ have also been employed to improve contrast in MRI. In
one such effort [60] multivesicular liposomes on the order of 10 um in diameter were
prepared with an internal Gd(DTPA)2™ concentration of 33 mM. This corresponds
to Ax = 0.37ppm. In this case the equatorial presession frequency dw at in an
external field of B, = 2T would be

bw = 2w v AX B,/3 ~ 66571 (36)

The product dwTg =~ 0.8 which means the validity of 1/Tosec (32) is unlikely.

If we consider a T = 27y = 20 ms experiment, then since 7 ~ 12ms we can
use the Hahn-Torrey result. In fact the water spins will not move more than about
9 pm, which, incidently, is about twice the liposome radius r9 under consideration.
If we assume that about half the spins a distance ro away come very close to the
liposome in the time Tg, then we can estimate the relaxation rate for these spins by
the Hahn-Torrey relation (22) where

L B(r=m)—-B(r=2ry) AxB,(1-1/8) 7 AxB,

G r9 3rg T 24 T9

@37

Using Eq. (23) we find a rate for those spins in the vicinty of the liposomes, 1/Tog ~
0.2 Hz, which is quite small.

If however, the concentration of Gd(DTPA)2~ were much higher—say on the
order of 600 mM—then the picture would change dramatically. In this case Ax =
60 ppm, and, therefore, éw = 1.07 x 10%s™! for the otherwise same conditions in
Eq. (36). Now the product éwrg =~ 133, well out of the realm of validity for 1/Tgec.
By Eq. (37) G ~ 7 x 10 G/cm, and 1/Toy ~ 4700 Hz! Although this rate is even
higher than what is even possible in a solution of contrast agent (in [36] it is about
2000 Hz for 670 mM Gd(DTPA)?~), it must be kept in mind that this rate is only for
those spins rather close to the liposomes—the decay will be highly heterogeneous,
i. e., multiexponential. This problem has recently been investigated in [43], where
the generalized moment expansion has been used. An analogous problem involving
superparamagnetic contrast agents taken up by the Kupffer cells of the liver has
been treated semi-analytically in [9].
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TABLE 3

relaxation rate

diameter [nm] | simulation (extrapol.) theory | ratio

100 | 0.108 0.0415 | 2.6
200 | >0.51 (0.52) 0.195 | 2.6 (2.6)
400 | >1.91 (2.24) 0.845 | 2.2 (2.6)

Outer sphere relaxation rates [Hz] determined from simulations and calculated from
Eq. (32). All values are calculated for liposomes containing 670 mM Gd(DTPA)%~
for a volume fraction of 0.003. The outer sphere relaxation rate for 100 nm liposomes
has already reached its asymptotic value (see Fig. 7) after 0.4ms. For the largest
echo times accessible to simulations, 1.6 ms, the asymptotic rate is not quite achieved
for a 200nm diameter and will probably increase by a factor of 1.2 for a 400nm
diameter. By extrapolation (see Eq. (38)), we estimate the asymptotic rates for these
two diameters (shown in parentheses) and see that the ratio will then be approximately
2.6.

Simulation results Comparing the results of our simulations to the predictions
from the outer sphere relaxation model, we find that our simulations generally yield
slightly higher relaxation rates, as shown in Table 3.

The computer simulations have yielded the outer sphere relaxation rates for
liposomes of different sizes at different echo times. The results are shown in Fig. 7
As discussed above we expect each curve to show three distinct regimes, (1) a short-
time regime Ty < T where the relaxation rate depends on 1'?1, (2) a transition
regime T < TH < 7Tp, and (3) a long-time regime 7y > 7p where the relaxation rate
converges asymptotically. At a fixed volume fraction of 0.003, for liposomes with
outer diameters of 100, 200, and 400 nm, the times Tg are 0.0025, 0.01, and 0.04 ms,
respectively, while the times 7p are 0.042, 0.19 and 0.79 ms, respectively. In Fig. 7
it appears that the curves agree well with these estimates of the transition times.

Using Eq. (32) together with Egs. (26), (31), and (34), we can write the depen-
dence on the liposome radius more explicitly

2 — N3
16 Ceg (% Ax Bo) 1 (ra—d)

—1 — =2
T2sec(r2) - 135 Co 7 3 D r2 b

(38)
where d is the membrane thickness.

We estimate the asymptotic relaxation rates for 200 nm and 400 nm liposomes
using the ro-dependence from Eq. (38) and the asymptotic rate for 100 nm liposomes
from Fig. 7 to find 0.52 Hz and 2.24 Hz, respectively. These rates agree with extrap-
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FIG 7: Computer simulation results of outer sphere relaxation rate versus echo time
Ty for liposomes of 100nm (©), 200nm (O) and 400nm (®) outer diameter filled
with 670mM Gd(DTPA)?~ solution in a static field of 1.5 T. The liposomes occupied
0.3% of the total volume. The echo time 7g, the upper bound for the t? region, is
indicated by | symbols for 200 and 400 nm liposomes. For 100nm 75 is just off the
left edge of the plot. The times 7p, related to reaching the asymptotic relaxation
rate, is indicated by 1 symbols.

olations of the simulation data shown in Fig. 7. The simulated relaxation rates are
then 2.6 times higher than the corresponding outer sphere predictions.

For short echo times (g < Tgr), large liposomes exhibit slower relaxation rates
than small liposomes, reflecting the fact that for smaller liposomes the individual

spins get dephased more quickly.

3.3 Combined Mechanisms of Relaxation

In a laboratory experiment inner and outer sphere relaxation mechanisms act in
parallel and cannot usually be distinguished.® Simulations, however, allow us to
differentiate the two effects by turning them on and off separately. Nonetheless, all
our simulations indicate that the rates due to the two processes simply add up as
shown in Table 4.

That the rates add algebraically is indicative of a parallel process, as opposed
to a sequential one. That the times 13, and T; are being added in the formula for
1/Tpara is a consequence of the processes being sequential: spins have to first reach
the inside of the liposome and then get relaxed. On the other hand, the inner

and outer sphere relaxation mechanisms act in parallel since spins can always relax
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TABLE 4
r [nm] inner sphere outer sphere combined
two-site simulation | theory simulation | analytic sum simulation

50 [ 1.52 0.545 0.0415 0.108 1.64 0.65

100 0.80 0.196 0.168 0.51 0.97 0.71

200 | 0.40 0.080 0.845 1.91 1.25 1.99

500 [ 0.17 5.38 5.55

Bulk relaxation rates [s~!] as a function of liposome radii r for the inner sphere
and outer sphere relaxation mechanisms. The internal Gd(DTPA)?~ concentration
is 670mM, resulting in an internal relaxation time of 0.5 ms [36], the effective con-
centration is 2.0mM, and the external field is 1.5T. A membrane permeability of
9.4x107* cm/s and a water diffusion constant of 10~° cm?/s has been assumed.

through either process and do not have to wait for one to finish before beginning
the other.

4 Conclusions

The relaxation mechanisms of paramagnetic liposomal contrast agents (ensomes) in
MRI have been described here in detail and are well understood. This knowledge,
indispensible for the innovation and refinement of liposomal agents, also creates
important inroads in the consideration of liposomes as a model of tissue cells and
capillaries, and for the characterization water transport and diffusion. Membrane
permeabilities, for example, can be measured by the employment of the inner sphere
mechanism with attention paid to the limitations detailed above.

Liposomal contrast agents have already been reported to improve image con-
trast in many animal studies. For example, Unger et al. have reported significantly
improved contrast between liver and tumor, and have reported that smaller lipo-
somes cause greater enhancement [19]. In having a mechanistic understanding of
contrast agents, one can see their essential limitations as well as how to improve
them, especially where there are physical constraints of temperature, toxicity, tissue
absorbance, and so on.

Where very novel techniques are being tried, such as the use of giant liposomes, it
is critical to consider all possible mechanisms available. In a recent study, for exam-
ple, giant liposomes (~ 10 um diameter) have been used to deliver the Gd(DTPA)2~
contrast agent to rabbit brain [60]. Such liposomes, however, are not just leaky bags
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of contrast agent—they are potentially very powerful outer sphere contrast agents
as shown above. In fact, because of their multivesicular nature and their very
small surface to volume ratio, they would make rather poor inner sphere relaxation
agents. Yet as outer sphere relaxation agents their tissue specificity and agent reten-
tion capacity may make them better suited for enhancing capillary beds than other
techniques. Observing that such liposomal agents may be exploited as outer sphere
agents also suggests T»-weighting for imaging instead of the T}-weighting reported
in [60].

Nonetheless, for the smaller, unilamellar vesicles, inner sphere relaxation will
dominate the relaxation enhancement of the bulk, giving rise to typically much
more than 90% of the enhancement. This enhancement 1 /Tpara, is given by Eq. 17
which can be summarized as

number of liposomes conc.
size

permeabiTity + agent relax. time T Te+T:

1/Tpara = bulk rate = (39)

Since Tpara is proportional to the sum of two terms, i, + T3, it is especially advanta-
geous to keep both small for highest bulk rate enhancement 1/Tpars. One also sees
that if the permeability is rather low (~ 10 um/s), then 1/T}a,a depends greatly on
liposome size, especially for high concentrations of entrapped contrast agent. We
have also observed, however, that for a Gaussian (normal) distribution of liposome
diameters, a wide variance (even +40nm) hardly affects the relaxation rate of the
bulk.

It is perhaps worth reiterating that smaller, more permeable liposomes may only
very marginally increase the bulk relaxation rate. Since at physiological tempera-
tures, Py o~ 50 x 10™4 cm/s, Ty, is about 0.3 ms for 100 nm diameter liposomes. For
a Gd(DTPA)2- concentration of 100 mM, as employed in [25], the inside relaxation
time T; is about 2.7ms. This means that the inside rate is limiting the relaxation
enhancement, and increasing the permeabi]iﬁy and decreasing the radius, both by
a factor of 2, will lower 7, to 0.08 ms, but will change the quantity #*'-T: by less

than 10%. On the other hand, doubling just the concentration of Gd(DTPA)2~ will

1
To+ T "

The simulations have yielded higher values for the outer sphere relaxation than
what the theory predicts. In all the results (see Table 3) we find about 2.6 times
the relaxation predicted by the quantum mechanical outer sphere theory. On the

nearly double

other hand, the plots of the relaxation as a function of time behave in accordance
with our expectations. What is more, we find that the deviation from outer sphere
relaxation theory appears to be a constant factor. There is no obvious explanation
for the discrepancy.
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_ Nevertheless, independent of numerical comparisons between simulation results
and analytic results, there is no evidence that the inner sphere and outer sphere
mechanisms do not act independently—the mechanisms of relaxation are additive,
and typically the outer sphere relaxation is a minor effect.
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Appendix

Susceptibility values Here we calculate AX = XG4(pTPA) — XH,0 Which appears
in Eqs. (29) and (30) We begin with the molar susceptibility for Gd(DTPA)?~ in
. cgs _ -2 . g o7
the cgs system of units XGd (DTPA) = 2.55 x 1072 [61, 62]. While the susceptibility
x is dimensionless, the magnetostatic equations change with the system of units
used. To convert from cgs to SI, x°8* has to be multiplied by 47. To convert these

susceptibilities to the ones used in Eq. (29) we use

of moles
XSI =4m X(r:r?:lar% =4m X(;f;lar (-##_—CF_> ’ (40)

where p is the mass density and A the molecular weight of the substance of interest.

Thus, in SI units Xcéil(DTP A) becomes

SI — -6
XGd(DTPA) =320 x 10 Co, (41)

where C, is the molar concentration of the Gd(DTPA)?~ solution. Due to the high
susceptibility value of Gd, we can ignore the susceptibility contribution of cations,
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which, in case of NagGd(DTPA), is three orders of magnitude less than the Gd
contribution.

In order to calculate the susceptibility for a solution of GA(DTPA)?~, we add the
susceptibilities of Gd(DTPA)2~ and water, weighted by the relative mass fractions
according to

Xweighted = MGd(DTPA) Xséd(DTpA) + (1= mga(prea)) Xihos (42)

l _ MGd(DTPA) : . . 2 .
where mg, d(DTPA) = mgapremtmms 18 the relative mass fraction of GA(DTPA)?~ in

the solution and xﬁlzo = -1.6 x 10~7 CH,0, calculated for the molar concentration
cgs

of the remaining water using Eq. (41) and X0 = —12.97 x 107 [63).

Finally, since the molarity rather than the molality of the solutions is quoted
in the literature, we must know how many moles of water are displaced by each
mole of Gd(DTPA)?~. Recent measurements [38] indicate displacements of 170 mL
and 257 mL per mole Gd(DTPA)?~ for Gd(DTPA)2~ concentrations of 100 and
700 mM, respectively. This offsets the value of Ax = Xweighted — X%I‘,O only slightly.
In Fig. 3 we plot X351 versus Gd(DTPA)2~ concentration, assuming that 257 mL

molar

water is displaced per mole of Gd(DTPA)?-, and indicate the dependence on the

water displacement by including a curve where no water has been displaced by the
Gd(DTPA)?-.

Footnotes

11t might be suggested that binding to plasma proteins should increase relaxivity,
but it may also lead to dechelation of the agent, which, for Gd(DTPA)2~, would be
toxic. : -

2The transverse magnetization can be described in exactly the same way if one
applies a transformation Mmeans(7, t) = e~*“o'm(7,t) which is valid in the absence of
non-discountable (via spin-echo, etc.) field inhomogeneities. Such non-discountable
inhomogeneities will occur in the case of superparamagnetic contrast agents and, to
a lesser extent, due to susceptibility effects outside of Gd-filled vesicles. T} -weighted

images will minimize these latter effects.

3 Vgl
3We use the simplification Vi = -;,51- = (
3

3
e ﬂ) which introduces an error of
1

3
less than 1% for the systems considered here, where Vy < 0.01.

4Including the native relaxation in the description would merely contribute the
corresponding rate Rpative to the diagonal elements of the rate matrix R in Eq. (6).

SIn this respect, the model we employ in our simulations differs slightly from [10]
in that we calculate (6w)? on the outer membrane surface rather than at the inner
surface. Thus, we introduce a dependence of (6w)? on the liposome radius as shown
in Table 1.

By field cycling relaxometry, these mechanisms can in some cases be distin-
guished [10].
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